
Materials 286C/UCSB: Class VII: Anomalous scattering etc.

Ram Seshadri (seshadri@mrl.ucsb.edu)

Mostly following Als-Nielsen and Morrow, and Giacovazzo

In normal practice, the scattering of x-rays from atoms in the process of diffraction is con-

sidered to be purely kinematic, associated with changes in momenta, but no absorption or

emission of energy. Usually, this is an accurate assumption, and the form factor f for the

different atoms in the crystal can be written:

f(~q)

In some interesting cases however, (rare in the lab, but more common with synchrotron x-ray

sources where x-ray energies/wavelengths can be tuned) the correct expression is:

f(~q, ω) = f(~q) + f ′(ω) + if ′′(ω)

where f ′ and f ′′ are the real and imaginary parts of the dispersion correction. ω is the

frequency of the x-ray wavelength, and correspondingly, the x-ray energy is E = h̄ω. The

dispersion corrections are energy (wavelength) dependent, but usually do not depend on ~q,

the scattering vector.

It is important to note that even when f ′ and f ′′ are finite, the scattering is still elastic.

The wavelength of scattered x-rays does not change when f ′ and f ′′ are finite, it is just that

the simple form factor f(~q) no longer accurately describes scattering.

In the simplest treatments, the electromagnetic component of the x-ray is treated as one

oscillator and an electron on the scattering atom is treated as another. The two oscillators

couple when their frequencies are closely matched — when a resonance condition is fulfilled.

In the figure given below, f ′′ as a function of the x-ray photon energy (frequency) is

plotted schematically for an element with an x-ray absorption edge in the energy range of

interest. The resonance condition for the two oscillators to couple is met at the edge. Far

from the edge, the scattering is as though f ′′ and f ′ are zero.

In the process of absorption, two important things happen. The first is the contribution

of f ′ which is to effectively change the atomic number of the scattering atom. The second

is the effect of F ′′ which is to introduce a phase difference into the scattered photon.

The absorption of the photon can be monitored from the fluorescence intensity. The ab-

sorption is related to f ′′. f ′ can be obtained from f ′′ using the Kramers-Kronig relationship:
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π
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0

ω′f ′′(ω)

(ω′2 − ω2)
dω′

Where P refers to the principal value.
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Where does anomalous scattering show up ?

For CuKα lab x-rays, the element holmium has an L3 edge that is quite close in energy

(1.5368 Å). This gives the anomalous scattering coefficients:

CuKα1 (λ = 1.5406 Å) f ′ ∼ -15.41 f ′′ ∼ 3.70

CuKα2 (λ = 1.5444 Å) f ′ ∼ -14.09 f ′′ ∼ 3.72

In addition, the L2 absorption edge is close to CuKβ, and this gives:

CuKβ (λ = 1.3922 Å) f ′ ∼ -11.78 f ′′ ∼ 8.75

So typically, Holmium will seem about 14 electrons “lighter” when diffraction is performed

using copper radiation. Ho can thus be distinguished from Dy or Er, even though the Z’s are
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separated only by 1 electron. Note that these effects will be most visible at high q = 2π/d

when the normal f would have died out.
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Friedel’s law and anomalous scattering

Consider the scattering from two different atoms, one at the origin and one at x. The total

scattering amplitude is:

A(q) = f1 + f2 exp(iqx)

and the intensity is:

I(q) = [f1 + f2 exp(iqx)][f1 + f2 exp(−iqx)] = f 2
1 + f 2

2 + 2f1f2 cos(qx)

The cosine function is even, meaning that I(q) = I(−q). Therefore, one cannot tell from the

scattering whether an atom 1 is on the left and atom 2 on the right or vice-versa.

However, imagine the case where f ′ and f ′′ are finite. Then for each atom, we must write

the form factor as

fj = f 0
j + f ′j + if ′′j ; j = 1, 2

This is expressed more conveniently as

fj = |fj| exp(iφj)
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Using this, the amplitude of the two-atom problem now becomes:

A(q) = |f1| exp(iφ1) + |f2| exp(iφ2) exp(iqx)

and the intensity is:

I(q) = |f1|2 + |f2|2 + 2|f1||f2| cos(qx + φ1 − φ2)

Since φ1 6= φ2, it follows that:

I(q) 6= I(−q)

Friedel’s law says that the scattered intensity from a Friedel pair is centrosymmetric.

Friedel pairs are Bragg reflections that are related by inversion about the origin; the pair of

reflections arising from hkl and hkl. The statement of Friedel’s law can be written:

|Fhkl| = |Fhkl| ; φhkl = −φhkl

When there is an anomalous component, this law breaks down.

When the structure is centrosymmetric, and atom 1 sits at ±x1 and atom 2 at ±x2, then

the unit cell structure factor is:

F = |f1| exp i(φ1 + qx1) + |f1| exp i(φ1 − qx1)

+ |f2| exp i(φ2 + qx2) + |f2| exp i(φ2 − qx2)

= [|f1|2 cos(qx1)] exp(iφ1) + [|f2|2 cos(qx2)] exp(iφ2)

The intensity is then:

I(q) = |F |2 = 4|f1|2 cos2(qx1) + 4|f2|2 cos2(qx1)

+ 8|f1|2|f2|2 cos2(qx1) cos2(qx1) cos(φ2 − φ1)

The intensity is once again an even function of q.
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Applications

ZnS blende (1928)

The intensity of the Bragg reflection from the 111 zinc blende crystal face depends on whether

the surface that ~q is incident on is all Zn or all S.

Bijvoet’s 1950 experiment on sodium rubidium tartarate

Allowing absolute configuration to be determined.

MAD phasing

Using a synchrotron source, where x-ray wavelengths are tunable, one can obtain data sets

from single crystals at multiple wavelengths. If some of the sets correspond to anomalous

scattering from different atoms in the structure, the phase problem can be avoided.
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