
Numerical Differentiation 

Think globally. Act locally 

 -- L. N. Trefethen, “Spectral Methods 

 in Matlab” (SIAM, 2000) 
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Numerical Differentiation 

 The problem of numerical 
differentiation is: 
• Given some discrete numerical 

data for a function y(x), develop a 
numerical approximation for the 
derivative of the function y’(x) 

 We shall see that the solution to 
this problem is closely related 
to curve fitting regardless of 
whether the data is smooth or 
noisy 

 Procedure: 
• Fit a smooth function to the data, 

locally or globally 

• Differentiate the approximant 

• Evaluate the derivative of the 
approximant at the point(s) of 
interest 
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Local Interpolants: Finite 

Differences 

 Lets try this procedure out by interpolating local linear forms 

• Linear using points j-1 and j: 

 

 

 

 

• Linear using points j and j+1: 

j-1 

j 

j+1 

Newton’s form 

Backward 

difference 

formula! 

Forward 

difference 

formula! 

We have recovered the finite difference approximations that we derived in Lecture 2 

by Taylor series. The error is O(h), h = xj – xj-1 = xj+1 – xj 
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Local Interpolants: Finite 

Differences 

 Let’s repeat using a Lagrange-form quadratic polynomial through all three 

points: 

 

 

• For equally spaced abscissas: h = xj – xj-1 = xj+1 – xj 

 

 

 

• Now differentiate the approximant 

 

 

• Finally, evaluate at xj: 

 

 At this quadratic order, we also get a first central difference approximation for 

the second derivative: 
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j+1 

Central difference 

formula! 
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Finite Difference 

Approximations: Remarks 

 Although we have simplified the method for equally 
spaced abscissas, this is not necessary if the data is 
unequally spaced 

 The errors in the finite difference formulas are 
algebraic in integer powers of h=(b-a)/N 

 There are various approaches that we can use to 
improve accuracy: 
• Use higher order local polynomials of degree 3, 4, … This 

gives higher-order finite difference formulas (see text) 

• Richardson Extrapolation of local formulas 

• Differentiation of Chebyshev global interpolants 
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Richardson Extrapolation 

 Richardson extrapolation is a very useful technique for improving the 
accuracy (reducing the error) of numerical estimates 

 Consider the central difference approximation C(h) for the derivative at 
some point xj: 

 For two different values of h: h1 and h2: 

 Subtracting the two and solving for : 

 Specialize to the case of h1 = h, h2 = h/2: 

This is now a 4th order formula! 
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Global differentiation of a data 

set 

 Suppose we have a data set at N+1 points and we 
want to approximate the derivative at all the data 
points using second order finite differences 

 At the interior points: 

 

 At the exterior points we evaluate the derivative of our 
quadratic polynomial at x0 and xN: 

 

backward difference forward difference 

 In matrix form (e.g. N=5): 
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Chebyshev Global 

Differentiation 

 We can get even better global approximations for derivatives with “spectral accuracy”  
(errors decreasing exponentially with N) by differentiating Chebshev interpolants 
 

• Let p(x) be the unique polynomial of degree N with p(xj)=yj, 0 · j · N 

• Set y’j = p’(xj) 

 

 The important difference is that we evaluate the function and derivative at the Chebyshev 
points: 

 N=1 case: 

[D1] 
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Differentiation Matrices 

 The N=2 Chebyshev differentiation matrix turns out to be: 

 In general, we observe: 

• Differentiation matrices from local finite difference approximants 
are sparse and banded 

• Differentiation matrices from global Chebyshev approximants are 
dense 

 It is possible to write an efficient algorithm to evaluate both 
types of [DN] matrices. See ChebD.m 

 Notice that the matrix [DN
2] = [DN][DN] generates second 

derivatives (although there is a cheaper way to compute it) 

Output of 

ChebD(2) 
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A Finite Difference Example 

 Let’s use both methods to 
differentiate the analytic 
function y(x) = exp(x)*sin(5x) 
over [-1,1] using N=10 and 
N=20 equispaced points 

 

 First the case of 2nd order 
finite differences: see  

FiniteDExample.m 

 

 The error is ~0.5 at N=20: 
slow convergence! 
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A Chebyshev Example 

 Let’s use both methods to 
differentiate the analytic 
function y(x) = exp(x)*sin(5x) 
over [-1,1] using N=10 and 
N=20 points 

 

 Now the case of Chebyshev 
differentiation: see 
ChebDExample.m 

 

 The error is O(10-2) at N=10 
and O(10-10) at N=20! 

 

 This is a stunning example of 
spectral accuracy: 

 



Eigenvalue Problems 

For Matrices and Boundary Value 

Problems 



13 

Numerical Methods for Matrix 

Eigenvalue Problems 

 For matrices [A] with small rank N, we can directly form the 
characteristic equation and numerically find all N roots: 

 

 

 For each eigenvalue, we then solve the linear system [A]{yn} = n{yn} 
for the corresponding eigenvector 

 For large N and/or closely spaced eigenvalues, this is an ill-posed 
strategy! 

 In such a case, if we want just a few eigenvalues and eigenvectors we 
can use the power method – described later 

 If N is large and we need all the eigenvalues/eigenvectors, then we 
need a more advanced strategy such as the QR-Algorithm 

 We will not discuss the QR-Algorithm, but it is encapsulated in 
MatLab’s built-in function: eig (or eigs for sparse matrices) 

 See scriptL18.m 

Note that solving eigenvalue problems is expensive – comparable to 

computing a matrix inverse – and cost O(N3) flops 
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Numerical Methods for BV 

Eigenvalue Problems 

 When our eigenvalue problem is a differential 
boundary value problem, we first convert it to a 
matrix eigenvalue problem, then apply the 
methods we have discussed 

 Based on our previous BV lectures, we have a 
couple of options: 
• Use finite difference approximations on the ODE + 

BCs 

• Use spectral differentiation approximations (e.g. 
Chebyshev or Fourier) on the ODE + BCs 
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Finite Difference Approach 

 Let’s now tackle a BV Eigenvalue problem, e.g. the Euler problem with 
L=1: 

 Define a grid of N+1 equally spaced points in x over the interval 
including the endpoints: 

 Approximate the derivative on the interior points of the grid using a 
finite difference formula, e.g. a second-order centered difference 
approximation: 

 In the past, we have added additional equations representing BCs at 
the two exterior points. Here the homogeneous Dirichlet conditions can 
be easily incorporated by simply setting y0=yN=0 in the interior point 
equations. 
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Dirichlet BC Eigenvalue Problem 

 The result of this procedure is a Matrix Eigenvalue Problem of 
size N-1 since we only use the interior points n=1, 2, …, N-1 

 

 We now find the eigenvalues and eigenvectors using a 
standard matrix technique such as the Q-R Algorithm, e.g. 
MatLab’s built-in eig function 

e.g., N=4 

case 
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Euler Beam Example with Finite 

Differences 

 Lets try this out using the 
Euler example: 

 

 

 See EulerBeamFDL18.m 

 N=36; first few eigenvalues 
are ¸n /¼

2 = - n2: 

 -0.9994    (1) 

   -3.9899  (4) 

   -8.9487  (9) 

  -15.8382 (16) 

  -24.6059 (25) 

  -35.1850 (36) 

n=2 

n=1 

Exact problem has an infinite number of 

eigenvalues/eigenvectors: with N=36, we get an 

approximation only to the first 35 of these! 



Chebyshev Spectral Approach 

 The finite difference approach evidently describes each 
successive eigenfunction more poorly than the last and 
makes significant errors in predicting the higher 
eigenvalues 

 A better strategy is to use a method with spectral 
accuracy – hence we will switch to Chebyshev 
differentiation from 2nd order finite differences 

 However, first we need to rescale the independent 
variable to the interval [-1,1]: 

18 
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Euler Beam Example with 

Chebshev Differentiation 

 Lets try this out using the 
Euler example: 

 

 

 

 

 See EulerBeamCDL18.m 

 N=36; exact eigenvalues are 

  - n2 in units of 4/¼2 

 First 15 eigenvalues are given 
to many sig. figs.! 

 Once the number of points per 
wavelength goes below 2, the 
eigenfunction cannot be 
described and accuracy is lost 



Lessons 

 Clearly spectral methods offer a big advantage 
when solving eigenvalue problems where many 
eigenvalues and eigenfunctions are desired: 
• Spectral accuracy allows for the use of a relatively 

small number of collocation points N 

 However, spectral methods are generally 
expensive, requiring O(N3) flops in the general 
case 

 When only a few eigenmodes and values are 
desired, cheaper alternatives are available: 
• Largest eigenvalue: power method 

• Smallest or specific eigenvalue: inverse power method 
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Power Method 

 A method for finding the largest eigenvalue and 
corresponding eigenvector 

 Concept: use iteration to successively amplify the largest 
eigenmode relative to all others 

 Algorithm: 
• Start from some initial guess y0 for largest eigenvector 

• For k=1, 2, … 

 

 

 

 

 

 

• It can be shown that 
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Inverse Power Method 

 A method for finding the smallest eigenvalue and corresponding 
eigenvector, or a specified one 

 Concept: use iteration to successively amplify the desired 
eigenmode relative to all others 

 Algorithm: 
• Start from some initial guess y0 for targeted eigenvector 

• For k=1, 2, … 

 

 

 

 

 

 

 

 

• It can be shown that                                    , where ¸n is the eigenvalue 
closest to ¸*.We can choose ¸*=0 for smallest eigenvalue 
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Example: Inverse Power Method 

 Let’s use the inverse power method to find the smallest eigenvalue of the 
Euler Beam problem 

 Set ¸*=0 

 We will use Chebyshev differentiation to construct the matrix [A]  
spectral accuracy 

 See InversePowerL18.m 
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Converged ¸1 in 10 iterations 

to 10 sig. figures! 


